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Abstract This article is devoted to the identification, from observations or field measure-
ments, of the hydraulic conductivity K for the saltwater intrusion problem in confined aquifer.
The involved PDE model is a coupled system of nonlinear parabolic-elliptic equations com-
pleted by boundary and initial conditions. The main unknowns are the saltwater/ freshwater
interface depth and the freshwater hydraulic head. The inverse problem is formulated as
an optimization problem where the cost function is a least square functional measuring the
discrepancy between experimental interface depths and those provided by the model. Con-
sidering the exact problem as a constraint for the optimization problem and introducing the
Lagrangian associated with the cost function, we prove that the optimality system has at
least one solution.
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tion, optimization problem, seawater intrusion.
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1 Introduction

In order to get an optimal exploitation of freshwater and then to control seawater intrusion
in coastal aquifers, we need to develop efficient and accurate models for simulating the trans-
port of saltwater front in coastal aquifer. An essential step is thus to identify the parameters
involved in the model.

In this article, we focus on the identification of physical parameters such as the hydraulic
conductivity K and the porosity ¢. The estimation of these parameters are based on ob-

servations or field measurements made on hydraulic heads and on the depth of the freshwa-
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ter/saltwater interface. We note that concretely, we only have specific observations (in space

and in time) corresponding to the number of monitoring wells.

We emphasize also that the parameters identification problematic was often addressed as
part of the underground hydraulic (cf. [7, 12, 13, 15, 18, 22]), but more rarely with regard to
saltwater intrusion phenomena. The first studies done by Sun et Yeh (cf. [19]) develop the case
of resolutions of inverse problem for coupled systems and provide, in particular in the case of
saltwater intrusion, the associated adjoint system corresponding to the steady system.
Moreover, we note that existing studies mainly concern numerical resolutions of these inverse
problems. In particular, we must mention the study done in [20], where the authors focus on
the numerical resolutions of the hydraulic conductivity identification in the case of confined
aquifers. The system of optimality is discretized by a finite element method; For solving the
optimization problem, the authors used the C++ finite element library Rheolef and a C/C++
program based on the advanced optimization package (TAO) that implements the BLMVM
algorithm.

In [21], the authors propose a theoretical study by proving the existence of an optimal control
and they give the necessary optimality conditions in the case of a steady saltwater/freshwater
interface. But the seawater intrusion phenomenon is often transient and the study of sensitivity
proposed in [17] shows that the form of freshwater/saltwater interface depends mainly on the
hydraulic conductivity, the other parameters such as especially porosity, have an impact on the
time taken to reach the steady state, which is, why we must consider the unsteady model to
identify simultaneously these two parameters.

The current article is a generalization of [21] to the unsteady case. The inverse problem then
reduces in an optimization problem, where the cost function is a least square functional mea-
suring the discrepancy between experimental interface depth and the freshwater hydraulic head
and those given by the model. Clearly, the time dependance of the variables is one of the
difficulties of this study. Then, by considering the exact problem as a constraint for the opti-
mization problem, we introduce the Lagrangian associated with the cost function. In the field
envisaged here, the effects due to porosity variations are negligible compared with those due
to the density contrasts. We thus assume that porosity is constant in the aquifer and we focus

only on the hydraulic conductivity identification.

Before to detail the mathematical analysis of this optimization problem, let us describe
briefly the derivation of the model. We refer to the textbooks [4-6] for general informations
about seawater intrusion problems.The basis of the modeling is the mass conservation law for
each species (fresh and salt water) combined with the classical Darcy law for porous media.
In the present work we essentially have chosen to adopt the simplicity of a sharp interface ap-
proach. Indeed, observations show that, near the shoreline, fresh and salty underground water
tend to separate into two distinct layers. It was the motivation for the derivation of seawater
intrusion models treating salt- and freshwater as immiscible fluids. Nevertheless the explicit
tracking of the interfaces remains unworkable to implement without further assumptions. An
additional assumption, the so-called Dupuit approximation, consists in considering that the
hydraulic head is constant along each vertical direction. It allows to assume the existence of

a smooth sharp interface. Classical sharp interface models are then obtained by vertical inte-
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gration based on the assumption that no mass transfer occurs between the fresh and the salty
area (see e.g. [5] and even the Ghyben—Herzberg static approximation). This class of models
allows direct tracking of the salt front. Nevertheless the conservative form of the equations is
perturbed by the upscaling procedure. In particular the maximum principle does not apply.
Following [9], we can mix the latter abrupt interface approach with a phase field approach (here
an Allen-Cahn type model in fluid-fluid context see e.g. [1, 2, 8]) for re-including the existence
of a diffuse interface between fresh and saltwater where mass exchanges occur. We thus combine
the advantage of respecting the physics of the problem and that of the computational efficiency.
From a theoretical point of view, an advantage resulting from the addition of diffuse area com-
pared to the sharp interface approximation is that the system now has a parabolic structure,
so it is not necessary to introduce viscous terms in a preliminary fixed point for treating de-
generacy as in the case of sharp interface approach. (cf. [9]). The second advantage is that we
can prove the uniqueness of the solution by establishing a regularity result on the gradient of
the solution. More precisely we generalize to the quasilinear case, the regularity result given by
Meyers ([16]) in the elliptic case and extended to the parabolic case by A. Bensoussan, JL Lions
and G. Papanicolaou, for any elliptic operator A = — ZZ’ j=10jaij(2)0; (see [3]). The results
assume that the operator A satisfies an uniform ellipticity assumption and that its coefficients
are functions of L>°(£2). The hypothesis on A ensure the existence of an exponent r(A4) > 2
such that the gradient of the solution of the elliptic equation (resp. of the parabolic equa-
tion) belongs to the space L™(§2) (resp. L"(Qr)).This additional regularity combined with the
Gagliardo-Nirenberg inequality can handle the nonlinearity of the system in the proof of unique-

ness. For these reasons, we limit ourselves in this paper to the case of diffuse interface approach.

The first difficulty of the work consists in choosing appropriately the set of all eligible pa-
rameters. Taking this set in space L°(2) ensures the existence and uniqueness of the solution
of initial problem but does not provide the existence of the optimal control problem. Also take
this set in H' () is a too restrictive hypothesis that must be weakened. Therefore we introduce
the set of admissible parameters defined as a subset of the space BV (Q), the space of bounded
variation functions, in order to recover discontinuous coefficients. On the other hand, the total
variation of the control variables is assumed to be uniformly bounded, in order to ensure the
compactness result useful to prove the existence of an optimal control. Then, we establish that
the associated adjoint state system admits a unique solution. This retrograde problem consists
in a strongly coupled system of linear elliptic-parabolic equations, the main difficulty is related
to the presence of scalar products between the gradients of the exact solution and those of
the unknowns. The L*-regularity result obtained for the direct problem allows to deal with
these terms. We thus use a Schauder fixed point theorem for proving the existence result. The
second difficulty comes from the operator associating to the hydraulic conductivity the state
variables. We have to establish that it is continuous and differentiable on suitable functional
space. At this level, the main difficulty consists in defining the suitable function spaces so that
the requirements of the implicit function theorem can be satisfied. Again, the L?-regularity of
the exact solution (for o > 4) is fundamental in order to prove the continuity and differentiabil-

ity of the previous operator. Finally, we establish the first order necessary optimality conditions.
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This article is organized as follows: In section 2.1 we present the seawater intrusion prob-
lem and we recall the essential properties of the space of functions with bounded variations.
We recall in section 3 all mathematical notations. Furthermore the global in time existence
and uniqueness results are stated in confined case with sharp-diffuse interface approach. The
section 4 contains the main results of the paper. We first prove the existence of the optimal
control. Considering the system as a constraint for the optimization problem, we introduce the
Lagrangian function associated with the cost function. We establish the existence and unique-
ness results for the adjoint problem. We prove that the operator associating to the hydraulic
conductivity K the solution, (f(K), h(K)), defined in section 2.1, is continuous and differen-
tiable. The main point consists in finding the well adapted function spaces so that the implicit
function theorem is applicable. Finally, we state the first order necessary optimality conditions
for the optimization problem.

2 Problem statement and main results
2.1 Problem statement

We consider an open bounded domain  of R? describing the projection of the aquifer on
the horizontal plane. The boundary of 2, assumed C', is denoted by I'. The time interval of
interest is (0,7"), T being any nonnegative real number, and we set 2, = (0,7) x Q, V7 € (0,T).
The confined aquifer is assumed to be bounded by two layers, the lower surface corresponds to
z = ho and the upper surface to z = hy. Quantity ho — hy represents the total thickness of the
aquifer (Cf. Figure (1)). We assume that depths hy, hy are constant, such that hy > §; > 0
and without lost of generality we can set h; = 0.

l h,
Fresh
water

Salt water \

Figure 1 Schematization of an aquifer

In the case of confined aquifer, the well adapted unknowns are the interface depth h and the
freshwater hydraulic head f. The nonnegative function K represents the hydraulic conductivity
(which is assumed to be a scalar), ¢ denotes the porosity, § the thickness of the diffuse saltwa-
ter /freshwater interface (§ = 0 corresponds to the classical sharp interface approach) and the

parameter o characterizes the densities contrast :
_ Ps

o=

P
where the characteristics p, and py are respectively the densities of saltwater and freshwater.
Thus, the model reads (see [10, 20]) :

)

$Oh —V - (aK (ha — h)Vh) V. ((Wh) +V- (K (ho — h)Vf) ——Q,, (2.1)

V. (thVf> LV (K (ha — h)Vh) = Qr+ Q. (2.2)
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In the previous system, the second equation models the conservation of total mass of water,
while the first is modeling the mass conservation of saltwater. This is a 2D model, the third
dimension being preserved by the upscaling process via the depth information h.

The system (2.1)- (2.2) is completed by the following boundary and initial conditions :
h=hp, f=fp inTx(0,7T), (2.3)
h(0,2) = ho(x) in £, (2.4)
with the compatibility condition
ho(z) = hp(0,z), =z €T.

The inverse problem is formulated by an optimization problem whose cost function measures
the squared difference between experimental interfaces depth and those given by the model.

We introduce the following control problem:

Find K* € Ug4pm such that
J(K*) =infk ev,,,, T(K),

where
1 1
J(K)= §|\f(K) - f0b5||%2(QT) + §||h(K) - hobSH%?(QT)v

where (f(K),h(K)) denotes the solution of the variational problem (2.1)-(2.2) completed by
the boundary and initial conditions (2.3)-(2.4). The functions (fops, lobs) correspond to the
observed hydraulic head and depth of the freshwater/salt water interface.

We thus propose to work on the set of admissible parameters:
Usim ={K € BV(Q)NL*(Q),K_- < K <K, and TV(K) < ¢},

where K_, K, and ¢ are nonnegative real constants. This choice of set allows to recover
discontinuous coefficients for the hydraulic conductivity.
We denote by BV () the space of functions in L' (2) with bounded variation on €2, which is a

Banach space for the norm

llgllBv ) = llglls + TV (g).

Definition 1 Let g be a function of L(£2); we call total variation of g on Q the real
TV(g) = sup{ | @)V - vla)ds,v € O (@) ol| < 1),
Q

g is a function with bounded variation if TV (g) < oo.

We remind that Uggy, is a compact subset of L"(Q) for all r € [1,4o00[, we refer the reader
to [11] for more details about that.

2.2 Main results

Existence of optimal control
Since the total variation of the control variables is assumed to be uniformly delimited, this
ensures a compactness result for the set U,gp, in L?(2). This property combined with the

uniqueness of the exact solution results in the existence of a solution for the control problem.



6 ACTA MATHEMATICA SCIENTIA Vol.3x Ser.B

Theorem 2.1 There exists at least one optimal control for the problem (O).

Existence and uniqueness results for the adjoint problem
By considering the exact problem as a constraint for the optimization problem and introducing
the Lagrangian associated with the cost function, we define the associated adjoint state problem

given by the following retrograde system:

—¢88/:5i = V- (6 +aKTs(h))VA) — aK(z)Vh- VA + K@)V [ - VX

+V - (aK (2)Ts(h)VAf) + aK (2)Vh - VA = hops — h, (2.5)
-V (K((E) ho V)\f) + V- (K(ﬁr)Ts(h)V)\z) = fobs - f7

Xi=0,Af=0o0nTp, \(T,z)=0, Vo €. (2.6)

Then we prove the well-posedness of system (2.5)-(2.6):

Theorem 2.2 Assuming that the hydraulic conductivity satisfies
)

S G

Let (f,h) be the solution of (2.1)-(2.4) associated with the hydraulic conductivity K € U,gm,

the adjoint problem defined by

K (2.7)

Find (A, \f) € W(0,T) x H(2) such that \;(T,.) = 0and ¥(p;, ¢;) € L*(0,T; Hy (Q)?) :

/ [—gzﬁaa): 0 + (0 + aK(2)Ts(h))VA; - Vo, — aK(2)Ts(h)VAf - V] dedt
Qr

+/ [K(z)(Vf—aVh) -V +aK(z)Vh-VAflp; dedt = / (hobs — h); dxdt, (2.8)
Qr Q

T

/Q [K(z) ha VAf - Vi — K(2)Ts(R)VA; - Vog] dedt = /Q (fovs — [y dadt, (2.9)

has a unique solution.

Optimality conditions
In order to state the first order necessary optimality conditions for the problem (O), we first
aim to check that the operator, denoted by Q, associating to the hydraulic conductivity K
the solution (f(K), h(K)) of (2.1)-(2.4) is continuous and differentiable on suitable function
spaces. The main point consists in finding the well adapted function spaces so that the implicit
function theorem is applicable. It can be possible if the gradient of the solution of the exact
problem is sufficiently regular, namely if (Vh,Vf) € (LS(O,T; I/VI’S(Q)))2 for s > 2. We thus

introduce the following spaces
7(0,T) = (L2(0,T; HY () x W(0,T)) N (L=(0,T; L*(2)))* N (L0, T; WH5(92)))?, (2.10)
and
U={KeBV(QNL2Q),K_ <K<K, and TV(K) < C}, with ¢ < C, (2.11)

where the constant c¢ is the constant defining Uygm and s = 1 + V5. In these spaces, the

following Theorem holds true
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Theorem 2.3 The mapping Q is continuous and differentiable from Uy, to Z(0,T).

By collecting all the previous results, we directly verify that the minimum required, K*,

satisfies the optimality system and thus establish the following result

Theorem 2.4 Let K* be a solution of problem (QO), there exists a couple (h* — hp, f* —
fp) € W(0,T) x L*(0,T, Hy(€2)) and a couple \* = (X}, \}) € W(0,T) x L*(0, T, Hy(2)) satis-
fying the optimality system determined by the direct problem (2.1)-(2.4), the adjoint problem
(2.5)-(2.6) and, for all K € Uygm

DiJ(K*) - (K(x) - K*(x)) > 0, (2.12)
with the gradient of the cost function given by, Véx € Uyam

DrgJ(K*)-K = K[(ha — h*)(aVR" — Vf*) - V!
Qr

+(haV f* — a(hy — h*)VR*) - VA}] dadt. (2.13)

3 Global in time existence and uniqueness results

We introduce function T defined by
Té(u) =hy—u Yuc (51,]’),2).

Function Ty is extended continuously and constantly outside (01, ho). It represents the thickness
of the saltwater zone in the reservoir, the previous extension of Ty for A < d; enables to ensure
a thickness of freshwater zone always greater than d; inside the aquifer. Let us now detail
the mathematical assumptions. We begin with the characteristics of the porous structure.
We assume the existence of two positive real numbers K_ and K such that the hydraulic

conductivity K is nonnegative and uniformly bounded, namely
0<K_ < K@) <K;y <o z€f

We suppose that porosity ¢ is constant in the aquifer. Indeed, in the field envisaged here, the
effects due to variations in ¢ are negligible compared with those due to density contrasts. From
a mathematical point of view, these assumptions do not change the complexity of the analysis
but rather avoid cumbersome computations. We remind that the parameter ¢ represents the
thickness of the diffuse saltwater/freshwater interface, it is of order of 1m.

Source terms Qf and Qs are given functions of L?(0,T; H) and we assume that Q; > 0 and
Qs <0.

Functions hp and fp belong to the space (L(0,T; H*(Q))NH(0,T; (H'(Q))")) x L*(0, T; H*(2))
while the function hg is in H'(Q). Finally, we assume that the boundary and initial data satisfy

conditions on the hierarchy of interfaces depths:
0<d <hp<hgae inTx(0,T), 0<d <hg<hyae in.

We first recall the global existence result established in [10] :

Theorem 3.1 Assume a low spatial heterogeneity for the hydraulic conductivity tensor:

he 4 [SKC
K (22 k). 1
+<h2—51m( 3hy’ ) (3.1)




8 ACTA MATHEMATICA SCIENTIA Vol.3x Ser.B

Then for any T > 0, problem (2.1)-(2.4) admits a weak solution (h, f) satisfying
(h—hp, f — fp) € W(0,T) x L*(0,T; H} ().
Furthermore the following maximum principle holds true:
0<d; <h(t,x) < hg forae z€Qandforanyte (0,7T).

Remark 1 We emphasize that the depth h is naturally bounded by two quantities char-
acterizing the aquifer as shown by the maximum principle established in Theorem 3.1. This
result is specific to confined aquifers, it is no longer valid in the case of free aquifers, for which

one can find oneself in situations of overflow of the aquifer.

The following uniqueness result is a consequence of a L™(0,T; W1 (Q)), r > 2, regularity
result proved for the solution of (2.1)-(2.2). This regularity is a generalization of the Meyers
regularity results [16] given in elliptic case and extended in parabolic case in [3]. We first
introduce some useful notations.

e Elliptic case
We recall the following result (see J.L. Lions and E. Magenes [14]):

Vp s.t. 1 < p < oo,—A is an isomorphism from Wolp(Q) to WHP(Q).

We set G = (—A)~! and g(p) = ||G||£(W,1,p(9);wol‘p(m). We notice that g(2)=1. We thus

introduce, for any real number ¢ > 0

and v = ——— (3.2)
the positivity of ¢ ensuring v < . We consider r,r > 2 such that k(r) := g(r)(1 — p+v) < L.
Letting ¢ — 0, the condition k(r) < 1 yields

g(r)
g(r)—1

The condition (3.3) implies a low spatial heterogeneity for the hydraulic conductivity, so as the

K+ < K_. (33)

assumption (3.1).
e Parabotic case
We set P = — — A, the operator associated with the homogeneous Dirichlet boundary condi-

tions. We know that, being given I’ € Y,,, there is a unique solution u € X,, such that:
Pu=F in Qr, u(0) = ug.

We denote §(p) = ||[P~||(v,;x,) and we recall that §(2) = 1.
Again we introduce, for any real number ¢ > 0

B 0+ ¢é and & — oc
04+ pc+ Ky(hy —61) 0+ e+ Ky(hy —61)

=

Since & > 0, we get & < fi. We consider the exponent r > 2 such that k(r) := §(r)(1—j+7) < 1.
Letting & — 0, the assumption k(r) < 1 leads to
K (he —01) - 1
5 glr)y—1°
We thus can state the following Theorem (cf [10]):
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Theorem 3.2 Let (ho, K_, K,,6,81) € (R})® satisfying (3.1), (3.3) and (3.5) for r = 4.
Furthermore we assume that there exists v,0 < v < 1, such that the physical parameters satisfy
Ky (hg —01) < (1-7) x (1-k(4) « (1jk(4)) y ha .

6 9(4) 9(4) hy — 0

If hg € WE4(Q), (hp, fp) € L0, T; WH4(2))? and (Qs, Qf) € L*(Qr)?, then the solution of
the system (2.1)-(2.4) is unique in (W(0,T) + hp) x (L?(0,T; H*(2)) + fp). Moreover, we

have

(3.6)

HVh‘H(L‘l(QT))2 S C4(¢7h27h07hD7fD7QS7Qf7K—7K+757 61)) (37)
va||(L4(QT))2 S C4(¢a h?u hOu hD7fD7QS7Qf7K77K+767 61) (38)

Remark 2 Assumption (3.1) (so as (3.3) and (3.5)) makes only sense when considering low
values for K. For the present application, this point is not restrictive since the soil permeability
typically ranges from 10~% to 1072 m - s~1. A priori, assumption (3.6) is stronger than (3.5)
except if d1, the thickness of freshwater zone inside the aquifer, is sufficiently large.

By now, we suppose that the hydraulic conductivity K satisfies (3.1), (3.3), (3.5) and (3.6)

in order to guarantee the existence and the uniqueness of the solution of (2.1)-(2.4).

4 Identification of hydraulic conductivity

In this section, we prove the results that constitute the four steps to solve this inverse
problem. We first of all show that this exact problem admits a solution. Then, by considering
the exact problem as a constraint for the optimization problem and introducing the Lagrangian
associated with the cost function, the solution is characterized by the optimality system it must

satisfy.

4.1 Proof of Theorem 2.1

The two keys to this proof are on the one hand the compactness of Uy, in L?(2) and on
the other hand the unicity of the solution of the exact problem.

Let (Kp)nen C Ugdam be a minimizing sequence such that

J(K,) — J*= inf J(K).

KeUaam

Since Ugar, is a compact subset of L?(Q2) , we deduce there exists a subsequence, still denoted
K, and a function K* € U,g,, such that

K, — K* strongly in L?(9). (4.1)
In an other hand, the solution (f",h™) = (f(K,), h(K,)) of the variational problem, satisfies:

1™ L2018 ) + IR 220,181 () < C, 01 < h"™ < hy, (4.2)

[|0¢h™ || 20,7,v) < C, (4.3)

where C' is a constant independent on n.
Then (h™),, is uniformly bounded in W(0,T), we deduce from Aubin compactness result that
the sequence (h™ — hp),, is sequentially compact in L2(0,T, H). Furthermore (f™),, is sequen-
tially weakly compact in L?(0,T; H'(Q)).
We can therefore extract a subsequence, not relabeled for convenience, (f",h"™ — hp), €
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L2(0,T; HY(Q)) x W(0,T) and there exits (f*,h* — hp) € L*(0,T; H'(R2)) x W(0,T) such
that :
R"™ — h*in L*(0,T;H) and a.e. in [0,T] x ,
Oh"™  —  Oih* weakly in L2(0,T; V"),
fr — f*in L*0,T; H(Q)).
This allows to pass to the limit in the variational formulation corresponding to exact problem
(2.1)-(2.4).
From the uniqueness of the solution, it follows that:
(f*,n%) = (f(K7),h(K™)) and then J(K") = J".
This ends the proof.
4.2 Definition of the Lagrangian £

We must now determine the minimum of the cost function 7, the state system being the
unsteady problem (2.1)-(2.4). We consider this system as a constraint for the optimization

problem, where the Lagrangian £ is defined as follows :
h
L (K, f,hAr, )= / /gba A dxdt

/ (6 + K (2)Ts (h))Vh - VA, dadt — / K(2) To(h) Vf - VA, dudt
Q Q

/ /K Yha VS - V)\fdxdt—/ /aK h)Vh -V \fdxdt

/o AQsAidxdt—/o /Q(Q5+Qf))\fdxdt.

The solution thus corresponds to a saddle point of £ considered as function of independent
variables h, f,\;, A\y and K with A; and A; the Lagrange multipliers. The minimum, K*, sat-

isfies the following optimality system :

(4.4)

a)\ (vaahv o z)_07 a)\f(K f h o 7,)_07
8‘C * * * * *) 8‘C * * * * *)
%%(K R A AT) =0, 8f(K RN AT) =0,

Sae B I N A (K = K9) 20, YK € Usan.
(4.5)

where (h*, f*) is the unique solution of (2.1)-(2.4) for K = K* and (A}, \) the unique solution
of the adjoint system (2.5)-(2.6) for K = K*.

4.3 Adjoint problem - Proof of Theorem 2.2
Since the system (2.5)-(2.6) is retrograde, we firstly set ¢’ = T'—t¢, the system thus becomes:

/ W%% + (0 + aK (2)Ts(h) Vi - Vipi — aK (2)Ts(h)V Ay - Vepi] dadt
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+/ [K(x)(Vf—aVh) -V +aK(x)Vh-VAf|p; dedt = / (hobs — h); dadt,
QT QT

(4.6)

and

| @RV Ver ~ K@T.0VA - Vgl dadt = [ (fon = Des doit.
(4.7)

The initial condition is now written as A;(0,z) = 0,Vx € Q.

This is a coupled system of elliptic-parabolic linear equations. From now on, we omit the prime
int.

To prove the existence of the solution of (4.6)-(4.7), we will proceed as for the proof of global
existence in confined case with diffuse interface (cf. [10]). We emphasize that the only difficulty,
in this case, is the presence of linear terms K(Vf —aVh) - VA; and KVh - VA which simul-
taneously involve the gradients of the solutions of the exact problem and the adjoint problem.
The result of regularity (3.7)-(3.8) established in Theorem 3.2 makes it possible to overcome
this technical difficulty. In addition, since the system (2.5)-(2.6) is strongly coupled, a fixed
point strategy is used to reduce it to the classic theory of linear problems.

Global in time existence

For the strategy of fixed point, we introduce the application F :
F:L*0,T; Ho())? —  L*(0,T; Hy(Q)%,
(/_\ivj‘f) - f(j‘lvj‘f) - ()‘iv)‘f)a

where \; = F1(\i,Af) and Ay = Fa(\;, As) are solutions of the variational problem, Vw €
L2(0,T3 H}(©):

T
/¢<ath,xi>vz,vdt+/ (6 + aKT,(h)VA; - Ve dadt
0 Qr

—a / K(@)T,(h) V- Vwdedt + | K@) (Vf —aVh) - VA wdedt
Qr

Qr
+a K(z)VAs - Vhwdzdt = — / (h — hops) w dxdt (4.8)
QT QT
and
K(2)ha Vs - Vwdadt — | K(@)To(h)VA - Vo dadt — — / (f = fope)wdzdt  (4.9)
Qr Qr Qr

We know from the classical theory of linear parabolic equations that the previous variational
system has a unique solution. We first have to prove the continuity of F, that is the continuities
of F; and Fs.

Sequential continuity of F; in L2(0,T; H) when F is restricted to any bounded subset
of W(0,T) x L?(0,T; H*(Q)).

Let (j\f,j\?) be a bounded sequence of L2(0,T; H}(2))? and (A;, Ay) € L(0,T; H}(R2))? such
that (A7, A7) — (Ai, Ag) in L?(0, T; L?(€2)).

We thus have

(AP NH)—=(Ai, Ap)  weakly in W(0,T) x L*(0,T; H' ());
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that is, A\l—\; weakly in L2(0,7,V) (the same for 5\} and Ay) and AT — 9\ weakly in
L0, T,V"). Set \i., = F1 (A7, ;\}L) and \; = F1 (A, As). We first intend to show that \;,, — \;
weakly in W(0,7T) and thus strongly in L?(0,7; H) thanks to a classical result of Aubin. Pick
a constant M > 0, that we will precise later on, such that

||v;\?||(L2(O,T;H))2 <M and ||v;\}l||(L2(O,T;H))2 <M. (4.10)
For all n € N, A} satisfies (4.8). Pick any 7' > 0 and take w = A; ;X (0,7 (t) in (4.8). We obtain

il B — P (0,)]130) + / (6 + KTy (W)Y - Vi, dudt
2 —_——— Qr

=0
M

—a [ K(@)T(h)VN} - Vindedt+ | K(z)(Vf—aVh) VAT A, dedt
QT QT

(2) (3)

+a K(x) V;\? -Vh A pdaodt = — / (h — hobs) i n dzdt .
QT QT

(4) (5)
Clearly (1) > 6||VAin |2L2(QT)‘
Moreover, thanks to Cauchy-Schwarz, Young and Gagliardo-Nirenberg inequalities, we get Ve >
0

0’ K2 h3M>T

12)] < @K haMVT||V ||z < %

€
+ §||V)\i,n||2L2(QT)7

T
@< [ M| [ K@(TF - aVh): OXA dud
0 Q
T
< / MK {( / IV £1*dz) + a / Vh|*de) / M dar) VA / VA[2) Y 2t
0 Q Q Q Q
T
<Co [ KM( [ (VeI a [ (Vi) O Pl [ 2 O e
0 Q Q Q Q Q

T
< MV |20 K+ Ca ([[V [l + VAl La@r)) (/O Xl [22 () [V Ainl 220y dt)

<Ca(l+a)

< K2Ci(1+ a)*CEM? x >t

K2C2(1+a)?CEM? ¢ €
< ++4 G - )\zn 22 7/ )\ing-
< 5 +4tg(13>;)|| allLa @) + 3 QTIV nl

1 € T
. / 2|1V A2y )2

In the same way :

(4]

IA

T
oK M [ ([ VAt ALY VR
0 Q Q Q

IN

T
OéK+MC4CG(/O Xl [22 () [V Ninl [ 20y dt)

1 € T
0?KIMPCI08 % o+ 5(/0 il Za oIV A

IA

|%2(Q)dt)1/2

o?K3CICEM? ¢
[ B + —
2¢ 4¢

AN

2 € 2
max, [[Ainl|720) + ZHV)\MHL%QT),
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finally

1 €
G < 50 [ (h=honePda + 5 miss [Pl
T

— 2 te(0,

By gathering together all these inequalities, we obtain
d) ~
§H)\i,n||2L2(Q) + (6 = )|IVAinll2r200r) <€ t;?(?’;) HAi,nHQL?(Q) +Cwu

where C) is a constant depending on the data and on M.

Choosing ¢ > 0 such that § —e > 0 and ? — € > 0, we established that there are two reals
AM (ha hobs> fa K ) O 047 57 ¢7 h27 T) and B]\/[(h> hobs7 f7 K ) O 047 67 ¢a hQa T) depending Only on
the data such that

||>‘i7”||%°c(0,T;H) < Ay and H)‘i,nHQL2(o,T;H(}(Q)) < Bum. (4.11)

The sequence (\; ), thus is uniformly bounded in L>(0,7;H) N L%(0,T; H}(2)). We set
CM == max(AM,BM).

We now establish that (9;A; ,,)» is bounded in L%(0,T; V') N L*(0,T; H), so we have
¢ 10:Ain)l|L20,13v )Nt 0,11y =

sup | - / (6 + aKTy(h))V i - Vwdzdt
1 Qp

[|w] ‘(L%o,T,V)mLOO(uT;H))S

1

+a [ K(@)Ty(h)VA}-Vw— [ K()(Vf—aVh)-VA} wdzdt
QT QT
(2) (3
—« K(x)V} - Vhw dedt — / (h — hobs)w dzdt |
QT QT

4 (5)
As the principle of the calculations is the same as for the above inequalities, we only provide

key estimates:

(D] < (0 + aKyha)Cullwl| 2o, 1),
1(2)] < aKyheMllw||L20,7;v)s

B < (1+0)Ky MCsCallwl 2 o 1wl g v
(W] < ok MCyCallwlly oz vl oo vy
15)] < Nlhobs — Il L2l [wl| L2 0,7 vy-

We can conclude that

||at)\i,n

|20, 75v)nLr (0,1:0) < D,

where D), depends only on the data and on M.

Thus (A ,)n is uniformly bounded in the space L?(0,7; H*(Q)) N H(0,T;V").

Using the Aubin Lemma, we can extract a sequence (A;,)n, not relabeled for simplicity, that
strongly converges in L?(Q7) and weakly in L2(0,T; H} (Q)) N HL(0,T;V’) to a limit \;.
Thanks to the strong convergence of (A; ), in L?(27) (and then the convergence a.e. in Q7),

we can check that A; is a solution of (4.8). The solution of (4.8) being unique, we have A; = \;
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and that the whole sequence \;, — \; weakly in W (0,7) and strongly in L?(0,7; H). The
sequential continuity of Fy in L?(0,T; H) is established.

Continuity of F, in L?(0,T;H) when F is restricted to any bounded subset of
W(0,T) x L*(0,T; H*()):

Similarly,, we study the sequential continuity of Fa by setting Ay, := ]-'2(;\?75\7]}), Af =
Fa(Xi, As), and showing first that Ay, — A; in L2(0,7; H(Q2)) weakly. Key estimates are
obtained using the same type of arguments as those used to prove the sequential continuity of
F1. The details are therefore omitted. We only point out that we can use the estimate (4.17)

previously derived for A;, to obtain the following estimates for Ay, for € > 0:

h2/ \VAf7n|2§e/ |VAf,n|2+Kih§/ |VAM|2+C§/ (f = fors)?,
QT QT QT QT

where C), is the constant in Poincaré’s inequality.
Choosing € such that K_ hy — e > 0, we get

1
| 193 € e (K2R B+ RIS = fanl ) (112)
. -

=FEnp
For proving the sequential compactness of Ay, in L?(0,T; H), we need some further work since
we can not use a Aubin’s compactness criterium in the elliptic context characterizing A¢,,. We
actually get a stronger result: we claim and prove that Af, converges in L?(0,7; H'()).
Indeed, we recall that the variational formulations defining respectively Af, and Ay are, for
any w € L*(0,T;V),

/ ho K Vs, - Vwdzdt — KT (h)VXiy - Vwdzdt — / (h — hops) wdzdt =0, (4.13)
Qr

QT QT
ho K V¢ - Vwdzdt — KTs(h)VA; - Vwdxdt — / (f = fobs) wdadt = 0. (4.14)
Qr Qr Qr
The system (4.13)-(4.14) can be written as follows
/ ho KNV Af - Vw dadt — / KV (Ts(h)Ai) - Vw dzdt (4.15)
QT QT
- KX nVh-Vwdxdt — / (h — hops) wdxdt =0
Qr Qr
/ ho K VAy - Vw dxdt — / KV (Ty(h)X;) - Vw dzdt (4.16)
QT QT

— K X\;Vh-Vwdxdt — / (f = fobs) wdxdt = 0.
QT QT

Choosing w = hoAf, — Ts(h) Ay in (4.15), we let n — co. The already known convergence
results let us pass to the limit in

lim KX nVh- V(hg)\f’n — Ts(h))\i,n) dxdt — / (f = fobs) (hg/\f,n — Ts(h)Ai,n) dxdt
Qr

= [ K XNVA-V(had; — To(h)A) d:cdt—/ (f = fobs) (hady — Tu(h)A;) dadt
QT QT
Moreover using (4.16) for the test function w = hoAy — Ts(h)A;, we conclude that

lim [ KV(hodpn — To(W)Ain) - V(had s — Ts(R)Ain) dadt

n—oo QT
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:/ KV (hods — To(B)A:) - V(hahy — Tu(h)A;) dacdt.
Qr

It follows that
lim KV(F,—F)-V(F, — F)dzdt =0,

n—oo QT
if £, = hodfn — Ts(h)Niy and F = hoXg — T (h)A;. Since K€-& > K_[¢]? for any & € R? with
K_ > 0, the latter result and the Poincaré inequality let us ensure that F,, — F in L(0,T;V).
Since hy > 0, it follows in particular that
Afn = Apin L2(0,T; H).
Existence of C ¢ W(0,T) x L?(0,T; (H*(Q2)) such that F(C) C C.

We aim now to prove that there exists a nonempty bounded closed convex set of W(0,T) x
L?(0,T; HY(Q)), denoted by C, such that F(C) C C.
We notice that this result will imply that there exists a real number M > 0, depending only on
the initial data, such that for (A\;, \;) = F(\;, \s) € W, we have

HV/\Z'H(LZ(O,T;H))Q < M and ||V)‘f”(L2(O,T;H))2 < M. (4.17)

Taking \; € L2(0,T;V) (resp. aXs € L*(0,T;V)) in (4.8) (resp. in (4.9)) and adding the two
resulting equations lead to:

?/ P |V +/ aK(z)Ts(h)|VNPE +a | K(z)hy |[VAf> =

2 Ja Qr Qr

Qr

a | K@T(hVA -V +a | K@T(hVA-Vi— | K(@)(Vf—aVh) Vi
Qr Qr Qrp

(1) (2)
70&\/ K(x)VhVS\j)\l+/ (7h+hobs)/\if «Q / (f*fobs))\f
QT QT

Qr

(3) 4)

= (since §1 < h < ho)

g/xfw \wi|2+ah2/ K(2)| Vs + / K (2)Ts(h)|V A\
Q Qr
< ()4 (2)+(3)+ (4).
But
Kih
W < 5 [ K@@ [ e g [ k@nmeas,
T T
@] < KiCaCit+a)(max [ A9A([ VARV [wAp
te(0,1) Jq Qr Qr
2 2 2 2
< K+CGO4(1+OZ) (m /)\2)1/2(/ |VAZ|2)1/2+€£/ |VS\Z|2
= 2€o te(OT) Q Qr 2 Jaor ’
KAC4 CH1 _
< BROOULO e [+ 0 [ oap+ 2 [ onp
deg ey te(0,7) Jo 2 Qr 2 Ja,
K2CGC €2 €3 <
3)| < —Eretae A2) 4 /vxﬁ —/K V|2,
@ < TEOCE e [342 e [ K@y
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finally, using Poincaré’s inequality (with constant Cp) yields

€ 02
1< Smae [0+ 5 [ K@wAES [ e+ 5 S [ g

By Choosing € = %5, €1 = €3 = %, €3 = w, €4 = h2’ we obtain
(9 CBKICLCH(L+ ) 6KICE Cla ma / A2)
4 542 (1—504)041126 OT)
(S5}
5 oKy hy 1—a)ahy g
G- [ k@ wap+ B9 [ k@A g [
Qr Qr Qr

12(5/QT V> + (1 — ) ahy /QT K(z) [VAs?)

T R O /(f—f P
¢ o obs hg K_ . fobs) -

We assume that the coefficient ¢ is big enough in order to ensure the nonnegativity of ©q,

namely
2 K{CLCH(1+ o) A K3C¢ Cia® >0 (4.18)
562 (1-5a)ahd ’ '
and that the hydraulic conductivity satisfies (2.7) given in Theorem 2.2:
]
K, < —
+ o hg

We then choose the constant M > 0 such that
2

M >12 x (%/Q (h = hops)* + +2h§K (f - ffobs)2>, (4.19)

T

hence we can conclude that
61 2 1 2 2
— % - 0|V 1—a)hK A
P [ 045 [ ETAR 0 (- 0 hak @) [9A,P)
5

<5 (OIVA? + a (1 — o) haK(2) [VAf?) +

(4.20)
. 12°

If fo, (8|VA® + (1 —a)hoK(x) [VAs[?) < M then (4.20) implies that

/Q (BIVM2 +a (1 — a) ha K (2) [VA[2) < M
Setting C the nonempty bounded closed convex set of W(0,T) x W(0,T) defined by:
C ={(gi,97) € W(0,T) x W(0,T); gi(0) = 0, g7 (0) = 0,
| 61V + a1~ a)haK(@)|Vgsl?) < 1)

T
we established that F(C) C C. Then C is a nonempty closed convex bounded set of L?(0,T; H)?,
defined such that F(C) C C. Since C is also a bounded set in W (0,T)) x L?(0,T; H*(£2)), we
also proved that JF restricted to C is sequentially continuous in (L2(0,T; H))?. For the fixed
point strategy, it remains to show the compactness of F(C). Since we work in metric spaces,

proving its sequential compactness is sufficient. The compactness of F;(C) is straightforward
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due to the Aubin’s theorem. Let us further detail the proof for F5(C). Let {\f,} be a sequence
in F5(C). It is associated with a sequence {(\; n, As.n)} in C. The Aubin’s compactness theorem
let us ensure that there exists a subsequence, not renamed for convenience, and A\; € W (0, T)
such that 5\2-,” — )\ in LQ(O,T;H) and almost everywhere in Qp. Thus we can follow the
lines beginning just after (4.12) for proving that ¢, — Ay in L?(0,7;H). The sequential
compactness of F»(C) in L?(0,T; H) is proved. The Schauder theorem allows us to conclude
that there is a couple (A;, Af) € C such that F(A\;, A\f) = (A, Ay). This fixed point is a weak
solution of the problem (4.6)-(4.7).

Uniqueness of the solution of the adjoint problem:

Let (i, Af) € W(0,T)2 and (A, Af) € W(0,T)? be two solutions of (2.9). We set u = \; — \;
and v = Ay — A;. Clearly, since the system is linear, (u,v) satisfies (2.9) but the right member
of (2.9) is equal to zero.

The previous estimates lead to the following inequality

%( max /QuQ) + % / (6|Vul® + o (1 — a) ho K (2) |Vv[?)

te(0,T) Qr

<

15 /QT (6|Vul® + o (1 — a) ho K (2) |Vo[?),

then

( max /uz) <0, / |Vu|? <0 and / |Vo]? < 0.
te(0,T) Q Qr Qr

Since (u,v) € L2(0,T; H}(2))?, this implies u = 0 a.e. in Qr and v =0 a.e. in Q7.

The condition (4.18) may look very restrictive. However, we can again pick the coefficient ¢
arbitrary large (for it corresponds to a time scaling), so that the conditions (4.18) can indeed
be satisfied. Setting

toy =

T (Ki(l—f—a)4 N al >—1
24 K21CL Cf 542 (1-5a)ahyd ’
we proved the existence and the uniqueness for the short time ¢ € [0,tp]. Taking ¢t = ¢y as
new initial data, the existence and uniqueness is obtained for all {5 < ¢t < 2¢3. Using this
observation inductively, we derive the result on the whole range of study [0, 7]. This ends the
proof of Theorem 2.2.
Remark 3 The condition (2.7) is of same type of that implied in Theorem 3.2 giving
the uniqueness. Since o = 0.0125, § = O(1) and hy = O(10), the condition (2.7) is not so

restrictive.

4.4 Optimality conditions

To characterize a solution to the optimization problem (), the gradient of the cost function
is calculated using the Lagragian defined by (4.4). An essential step is to prove that the
operator associating to the hydraulic conductivity K the solution, (f(K), h(K)) of (2.1)-(2.4),
is continuous and differentiable. The main point is to find the appropriate function spaces for the
implicit function theorem to be applicable. The regularity results established for (f(K), h(K))

in Theorem 3.1 and the following Proposition 4.1 allow to conclude.
4.4.1 Proof of Theorem 2.3

The first results regarding these additional regularity is given in the following proposition
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Proposition 4.1 Let (f(K), h(K)) the solution of (2.1)-(2.4) associated with the hy-
draulic conductivity K € Uggp,. For all (Fy, Fy) € (L*(0,T; H‘l(Q)))Q, the following problem
a) Find (\i, Ar) € (W(0,T) N L>(0, T; L*(52)))” such that A;(0,.) = 0 and

/Q [d)(%, i) + (0 + alhy — W) K(x))VA; - Vo, — (he — h) K(x) VAf - V] dedt  (4.21)

+ N K(z)[Vf Vo, —aVh V| dedt = / F; ¢; dxdt, Yo, € L*(0,T; Hy(Q)),

QT QT
K(z)[ha VAf-Vor —alhy —h) VX - Vsl dedt (4.22)
Qr
+/ a)i K(z) Vh.NVy;dzdt = / Fropdrdt Yoy € L*(0,T; Hy (),
QT QT

has one and only one solution.

b) Let (¢,hs, Ki,0) € (RF)?* satisfying (3.1), (3.3), (3.5) and (3.6) for r = o > 4, en-
suring (f(K),h(K)) € L7(0,T;Wh2(2))%. There exists s €]2,0], such that, if (F;, Ff) €
L#(0,T; W=h5(Q)) and (X\;(0,.), A¢(0,.)) € (Wol’s(Q))z7 then (A\r, \;) € L*(0,T; W5(Q)).
Proof: The proof of a) of Proposition (4.1) is quite similar to the proof of Theorem 2.2, for this
reason, we omit it here.

Regarding point b), we use again the Meyers regularity result by remarking that, since (A;, A¢) €
(W(0,T)NL>(0,T; LQ(Q)))2 and ((f — fp,h—hp) € L7(0,T; Wy° (), we can find s €]2, o]
s.t. div(\; Vh) belongs to L*(0,T; W~1%(Q)) (and the same for terms with f). Indeed \;(¢,.) €
HA(Q) C LP(Q), ¥p € [1,00] and h — hp € L7(0,T; W, (2)), with o > 4, then

v v g-s
/ / MPIVRE < ||Vh||zo<m></ / ) dedr) s
0 Q 0 Q
S

If s > 2 is chosen s.t

4
=4, it means § = —— ( which is > 2 if 0 > 4), we get
4+ 0

(0 —s)

T
. Y 2(c—s)/s 2(c—s)/s
/0 / MPIVRE < IR MR ey Mo -

We directly treat the other terms of (4.23) since functions h belongs to L™ (Qr). O
To prove the differentiability of the operator Q, we introduce an application R, defined as a
function of (f(K), h(K), K). The equality (4.25) below giving R allows to implicitly define Q.
By applying the implicit function theorem to R, we then establish the differentiability of Q.
So, we consider the mapping R such that

R:Z(0,T) x Int(U) — (L*(0,T; H*(Q)))?
(f,h,K) — R(f,hK)
where Z(0,T) (vesp. U) is defined by (2.10) (resp. by (2.10)) and (f,h) = (f — fp,h—hp). We
note that Uygm, C Int(U), 'Int’ denoting the interior of U for the topology of BV (Q) N L>(Q)
(cf. [21)).
Then, Y (¢f, pi) € (L*(0,T; Hi()))?, we define R as follows

o T oh
RO 0K, (erp) = [ [ ol oiv v
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T T
+/O /Q(5+aK(x) (hy — h)) Vh -V, dxdt—/o /QK(J:) (ha — )V f - Vi, dudt

T T
+/ /th(x)Vf-Vgofd;vdt—/ /aK(m)(hg—h)Vh~V<pfdmdt
0o Ja o Jo

+/OT/QQS% dxdt—/OT/Q(QerQf)w dadt. (4.23)

Before applying the implicit functions theorem to R, we first aim to prove that R is continuous
and differentiable from Z(0,7)? x Int(U) to (L?(0,T; H=1(92)))?. Since function h belongs to
L>°(Qr), the continuity of R is clear. Analogously, R is continuously differentiable with respect
to K on Z(0,T)% x Int(U) and for all L € Int(U)

(DRI K).L(os 00) = [ L= W)aVh + V] Ty dod
Qr
+/ L[haVf + a(hy — h)Vh] - Vs dedt. (4.24)
Qr
Regarding D7 ;) R( f,h, K), we first check the differentiability of R with respect to (f,h). To
this end, we define, V (Af, \;) := X € (Z(0,T))?
- T oN
< D myR(f, 0y K).\ (5, 0i) =/ ¢<E7<Pi>v',vdt
0
/ (6 + a (he — )K(2))V s - Vi — (ha — h) K () Vs - Vipy] dardt
Qr

+ XN [K(x)Vf- Vo, —aK(x)Vh-V;|dedt + / aX; K(z)Vh.Vesdzdt
QT QT

+ K(z) [ha VAf - Vg —a(ha — h) VA - Vo] dadt,
Qp

So, a direct calculation gives
(R(f+Ap, b+ Xi, K) = R(f, b, K) = D, yR(ha, hy KX, (@, 07)) =
_ /Q K (@) (A (0¥ +VA;) - Vs + As (aVAi + VA;) - Vipy) dadt = Agy.
Then

1Al < Far il p2src-2) (o) (@ VA

Le@r) T [[VAf]

LS(QT)) HV%‘HL?(QT)
MVesllLz@r- (4.25)

+ar A gl 2o/ -2 ) (

Setting I € {1, f}, we have
2s/(s—2 4/(s—2) 4/(s—2
2= / (NP2 / A2)dt < max / A2 x / IS
Qr telo,T
We take s €]2,4[ such that —2- = s (i.e. s =14 V/5), since Wh*() C L>=(Q), we get

AT < Ol o e
Qr

l=i,f.

Doing the same with the other terms of (4.25), we prove the differentiability of R with respect
to (f,h) on Z(0,T) x Int(U) at the point (f,h, K) (where (f(K),h(K)) is solution of (2.1)-
(2.2)). Moreover, Proposition 4.1 ensures that D (k) r(x))R is an isomorphism from Z(0,T')
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to (L2(0,T; H-1(2)))?, VK € Uugm. The requirements of implicit function theorem are satis-
fied. O

Since function h belongs to L>°(Qr), the continuity of R is clear. Analogously, DxR(f,h, K)
is continuously differentiable on Z(0,T) x Int(U). Regarding D5 5, R(f, h, K), we first notice
that it belongs to the space L£((Z(0, T))z, (L2(0,T; Hil(Q)))){ indeed V (i, o) € L?(0,T; H}(S2))?
| < Dy iy R(ha, b K) X, (9 05) > | <0 BlNill 2o, 0l 20,70
(0 + oK ha) [V Aill 200 V@il L2(0r) + Kih2l VAl 2200 [IVeill L2(r)
+E ha [[VAfllL2 ) IVerlliLz ) + aKyha VAl 2 m IVl

V@il L2 s
o Ky Xl pzerc-2 (o VA Loy (IV @il 22 0) + 1Vill L2 (0r)) -

T
[ e [ i< max [ 32 / Nt
T

4

We take s €]2,4[ such that

FE | Aill 2o/ -2) ()

Besides

5= (i.e. s =1++/5), since WH3(Q) C L=(Q), we get

2s/(s—2 s
/Q Aj A~ CH)‘iHQLw(o,T;m(Q)) IVl (-
T

Using the same kind of estimates, we prove the continuity of D s ; R(f, h,K) on Z(0,T) x
Int(U) at the point (f, h, K) (where (f(K), h(K)) is solution of (2.1)-(2.4)). Moreover, Proposi-
tion 4.1 ensures that D(f(K)ﬁ(K))R(f h, K) is an isomorphism from Z(0,T) to L?(0,T; H=(2)),

for all K € Uggm-
The requirements of implicit function theorem are satisfied, then Proposition 77 is proved.

4.4.2 Proof of Theorem 2.4

The solution corresponds to a saddle point of the Lagrangian considered as a function of
the independent variables h, f, A\;, Ay and K with A; and Ay the Lagrange multipliers. The
required minimum, K*, satisfies optimality system (4.5).

Thanks to Theorem 2.3, the application K — Q(K) = (f(K), h(K)) implicitly defined by the
direct problem (2.1)-(2.4), is differentiable.

So the application K — J(K)) = L(K, f(K), h(K), A, As) is differentiable with respect to
(K, f,h) and

DgJ(K") - L =0 LIK", f(K7), h(K"), Ai; Ag) - L 4 O, ) LK™, f(K7), h(K7), Ai, Ap) K,

dQ

where the Lagrangian L is defined by (4.4) and H = IK

minimum of J on U4y, verifies (2.12).

— (K*).L = (i, ¢f). Furthermore, every

Besides, the gradient of the cost function is given by, Yox € Uyam

DKJ(K*) '6K = 6K[(h2 — h*)(Och* - Vf*) . V)\z + (hg Vf* - Oé(hg - h*)Vh*) . V)\f}
Qr

a)\i * * * *
+ / [_(bﬁ(pi + (0 + aK™(ha — h™))VA; - Vi, — aK*(heg — h*)V s - V]
Qr
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+ K*[Vf*- VA —aVh* - V(A — Af)lei — / (hobs — h™)p; dzdt
QT QT

+ / [K* hQV)\f-Vgof—K*(hg—h*)V)\i~V(pf]—/ (fobs_f*)SOf
Qr Qr

with h* = h(K™), f* = f(K*). We deduce from Theorem 2.2, that the adjoint problem has a
unique solution Af = \;(K*, f*, h*), A} = Af(K*, f*,h*), then taking A; = A and Ay = A} in
(4.26) leads to (2.12), which ends the proof.
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